11.1 Q58

11.2 Q58

11.3 Q4

MATH 2010 Advanced Calculus I
Suggested Solutions for Homework 1

Find the center C' and the radius « for the sphere
32° 4+ 3y +322 + 2y — 22 = 0.

Solution

Rewriting the sphere as
2 2
2, .2 2
Ayt oy —52=3
Y 373

Complete the squares on the r—, y— and z—terms and write

2 1 2 1 2
2 2 2
z - _z )y=34+ =
r° 4 (y +3y+9)+(z 32+9) +3
which is equivalent to

1 1 29

2 12 _ e

Py (- 5P =S

It follows that the center is (0, —3, 3) and the radius is @.

Show that a unit vector in the plane can be expressed as u = (cos#)i + (sin6)j , obtained by
rotating i through an angle 6 in the counterclockwise direction. Explain why this form gives
every unit vector in the plane.

Solution

Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and
terminal point is at (x, y), then u makes an angle # with i, measured in the counter-clockwise
direction. Since u is a unit vector, then |u| =1 and

x = |u|cos = cos b, y = |u|sinf = sin @

Thus
u = (cos0)i+ (sinh)j.

Since u was assumed to be any unit vector in the plane, this holds for every unit vector in the
plane.

v = 2i+ 10j — 11k, u=2i+2j+k
Solution
v-u=2x2+10x2—-11x1=13.

V| = /22 + (10)2 4 (—11)2 = 15.
lu|=v22+22+1=3.




The cosine angle between v and u

u-v 13 13
lullv| 15x3 45

cosf =

The scalar component of u in the direction v is

13 13
lu|cosf = 3 x AR
u-v 13 2% . 26, 143
u= Ve = 22 (914 10j — 11k) = i+ j — k.
projyut = 175V = o5 (214 10) )= 55 T 50 T 9

11.3 Q14 Find the measures of the angles between the diagonals of the rectangle whose vertices are
A=(1,0),B=(0,3),C=(3,4) and D = (4, 1).

Solution

Note that

— —

AC =(2,4), BD=(4, -2)

Then
AC -BD =2x4—-4x2=0

which implies the angles between the diagonals are 90°.

[11.3 Q30] In real-number multiplication, if uv; = uvy and u # 0, we can cancel the u and
conclude that v; = vy. Does the same rule hold for the dot product? That is, if uv; = uvy and
u # 0, can you conclude that v = vy? Give reasons for your answer.

Solution

No, vi need not equal v,. For example, i + j # i+ 3j. However,

i (i+j)=1x14+40x1=1

and
i-i+3j)=1x14+0x3=1.
[11.4 Q8]
3. 1, . .
u=-i——-j+Kk, v=i+2j+2k
2 2
Solution
i j k
uxv=|3 —1 1|=-2i—2j+2k
1 1 2

The length of u x v is [u x v| = v/22 + 22 + 22 = 21/3, and the direction is

uxv

1. 1'+1k
—_— =1 — —Kk.
uxvl V3 V3B



Since
viu=—(uxv)=2i+2j—2k

Then the length of v x u is 2v/3 and the direction is \%i + \/Lg_] — \/Lgk.

[11.4 Q12]
u=2i-—j, v =1+2j.
Solution
i j k
uxv=12 —1 0|=5k
1 2 0
Graph
A
*EH
[11.4 Q16]

P(1,1,1), Q(2,1,3), R(3, —1,1).

We first compute

—

PQ x PR =

DO = e

i k
0 2| =4i+4j— 2k
20

The area of the triangle determined by the points P, Q) and R is

1, - VA2 4 4% 22
—|P PR|=——=3.
SIPQ x PR )
A unit vector perpendicular to plane PQR is given by
PQx PR 1 2, 2. 1
POXPR L g5 o= 24 35— Lk
[PQ % PR| 6 37373



114 Q34| fu#0andifuxv=uxwand u-v=u-w, then does v=w? Give reasons for
your answer.

Solution

Yes. fuxv=uxwandu-v=u-w, then

ux(v—w)=0, u-(v—w)=0

Suppose now that v # w. Then u x (v —w) = 0 implies that v — w = ku for some real number
k # 0. This in turn implies that

u-(v—w)=u-ku=klu®=0.

It follows that u = 0. Since u # 0, it cannot be true that v # w, so v = w.

[11.4 Q38]
A(—6,0), B(1,—-4), C(3,1), D(—4,5)
Solution
Since B B
AB = (7, —4), AD = (2, 5)
Then
B B i j k
AB x AD =17 —4 0| =43k.
2 5 0

The areas of the parallelograms determined by A, B, C and D is

|AB x AD| = 43.



